In this paper, by choosing the appropriate extensive variables, we have solved the puzzle whether the molecules of the Reissner-Nordström black hole is interaction or not through the Ruppeiner thermodynamic geometry. Our results show that the Reissner-Nordström black hole is indeed an interaction system dominated by repulsive interaction. More importantly, with the help of a new quantity, thermal-charge density, we describe the fine micro-thermal structures of the Reissner-Nordström black hole in detail. It presents three different phases, the free, interactive and balanced phases. The competition between the free phase and interactive phase exists, which leads to the extreme behavior of the temperature of the Reissner-Nordström black hole. For extreme Reissner-Nordström black hole, the whole system is completely in the interactive phase. What is more significant is that we provide the thermodynamic micro-mechanism for the formation of the naked singularity of the Reissner-Nordström black hole.
With the advent of the first black hole's image and the observation of more and more gravitational wave events, black hole physics is playing an increasingly prominent role in our understanding of gravity. It is now generally believed that the black hole hides clues about how to unify general relativity and quantum mechanics. The emergence of the thermodynamics of black holes provides a powerful way to explore the secret of black holes [1] [2] [3] [4] . Especially the introduction of extended phase space [5, 6] enriches the research contents of black hole thermodynamics, such as the analogy between the charged AdS black hole and van der Waals fluid [7] , the application of the Maxwell equal area law [7, 8] , the microscopic analysis of black hole phase transition [9] [10] [11] [12] and etc. A large number of research results have revealed that black holes have microstructures. Nevertheless, describing the microscopic behavior of black holes remains a huge challenge in the current gravitational problem.
Recently, a new concept, i.e., black hole molecule, has been proposed, which provides a new perspective for studying the micro-mechanism of black holes phenomenologically [9, 11, 12] . This new scheme is mainly based on the Ruppeiner thermodynamic geometry which introduced a Riemannian metric structure to represent the thermodynamic fluctuation theory [13] . Thermodynamic curvature is the most important physical quantity in this theory. Its sign can qualitatively reflect some information about the character of the molecular interaction for a thermodynamic system. A positive (or negative) thermodynamic scalar curvature im- * E-mail: xuzhenm@nwu.edu.cn † E-mail: binwu@nwu.edu.cn ‡ E-mail: wlyang@nwu.edu.cn plies a repulsive (or attractive) interaction, and a vanishing thermodynamic scalar curvature corresponds to no interaction [14, 15] . Meanwhile its absolute value can reflect the strength of molecular interaction in some sense.
The big absolute value of the thermodynamic curvature implies strong interaction and the small one corresponds to weak interaction [16] . For the Reissner-Nordström black hole, we have already known its thermodynamic behaviors and the temperature of the black hole shows a maximum. However, a series of studies [17] [18] [19] have suggested that the Reissner-Nordström black hole is a non-interacting system by means of the Ruppeiner thermodynamic geometry. On the other hand, the literature [20] pointed out that the results of the Reissner-Nordström black hole should be reduced from those of the Kerr-Newmann-AdS black holes, and the phase space of extensive variables of the Reissner-Nordström black hole adopted in the papers [17] [18] [19] maybe is incomplete. Their results indicated that the Reissner-Nordström black hole is an interacting system. So there are divergences on whether there is interaction between molecules of the Reissner-Nordström black hole. Intuitively, as an independent thermodynamic system, the phase space of extensive variables of the Reissner-Nordström black hole should be complete and its metric of the thermodynamic geometry is well (we will see it in the analysis later). We speculate that the reason of non-interacting between Reissner-Nordström black hole molecules in the papers [17] [18] [19] deserves further investigation. Moreover, as a charged black hole, there should be interaction between its molecules, like the electromagnetic interaction. Hence we firmly believe that the Reissner-Nordström black hole is a complete and interacting system. These are the main motivations of this study. Now in present paper, by choosing the appropriate extensive variables, we show that the black hole has repulsive interaction. More importantly, with the help of a arXiv:1910.03378v1 [gr-qc] 8 Oct 2019 new quantity, called thermal-charge density, we describe the fine micro-thermal structures of this black hole in detail. It has three different phases, the free phase, balanced phase, and interactive phase. More meaningful is that we provide the thermodynamic micro-mechanism for the formation of the naked singularity of the Reissner-Nordström black hole. Throughout this paper, we adopt the units = c = k B = G = 1.
II. THE FINE MICRO-THERMAL STRUCTURE
For the Reissner-Nordström black hole, its mass M , charge q and the horizon radius r ± satisfy the following relationships
(1)
One can see that the black hole has two horizons, and r + > r − . Hence the event horizon of an infinite observer is marked as r h = r + . When M = q, two horizons merge into one. This is the case of extreme black hole, and the condition M ≥ q is also known as the Bogomol'nyi boundary.
The basic thermodynamic properties of the Reissner-Nordström black hole take the following forms in terms of the event horizon radius r h [17] [18] [19] ,
In previous discussions, one can think that the internal energy U of the black hole is a function of entropy S and charge q, i.e., U = U (S, q). Correspondingly, the first law of thermodynamics is written as dU = T dS + ϕdq, where the ϕ = q/r h is the electrostatic potential. In the phase space (S, q), the Reissner-Nordström black hole is a noninteracting system [17] [18] [19] . Furthermore, the study [20] suggested that the Reissner-Nordström black hole is an interacting system according to the degeneration of results of the Kerr-Newmann-AdS black holes and indicated that the phase space of extensive variables (S, q) is not complete. Our current view is that the Reissner-Nordström black hole is a complete and interacting system. It is likely that the core of the divergence among previous works on interaction between molecules of the Reissner-Nordström black hole is the selection of phase space of extensive variables for the Ruppeiner thermodynamic geometry.
Inspired by the result of the study [21] in which authors used q 2 as an independent thermodynamic quantity to analyze the critical behavior and microscopic structure of the charged AdS black hole for the first time and the black hole also exhibits the van der Waals-type phase transition behavior in the new phase space. In this paper, we find that the phase space (S, Q) is appropriate to eliminate the above divergence, where the new thermodynamic quantity thermal-charge Q is taken as q 2 . Then we have
and the first law of thermodynamics and Smarr relation can be written in terms of the thermodynamic quantities mentioned above as follows:
In the new phase space of extensive variables (S, Q), we can prove that the Reissner-Nordström black hole is an indeed interaction system and can also give some fine microstructures of the Reissner-Nordström black hole completely from the thermodynamic point of view. The powerful tool which we use is the Ruppeiner thermodynamic geometry. Its metric can be written in the Weinhold energy form [22] g µν = 1 T
where X µ represents some independent thermodynamic quantities. For the Reissner-Nordström black hole, X µ are S and Q. The line element takes the form
where C Q := T (∂S/∂T ) Q = 2S(S − πQ)/(3πQ − S) and we have used the Maxwell relation (∂T /∂Q) S = (∂Ψ/∂S) Q based on the first law of thermodynamics of the Reissner-Nordström black hole (see Eq. (6)). The line element dl 2 measures the distance between two neighbouring fluctuation states in the state space.
Naturally we can obtain the thermodynamic scalar curvature
According to the above formula, we can directly see that the curvature is not zero, which means that the Reissner-Nordström is indeed an interacting system. This is also consistent with our understanding of the electromagnetic interaction between charged black hole molecules. Meanwhile it also verifies the rationality of the phase space (S, Q) we choose. In the light of Eqs. (3), (4) and (10), because of the non-negative requirement of temperature for the black hole, we have R > 0 which means a repulsive interaction dominates between black-hole molecules, i.e. electromagnetic repulsion interaction.
Next we introduce a new quantity called thermal- 
Obviously, 0 < σ ≤ 3 and at σ = 3 the temperature equals zero (extreme black hole). The term 3πQ on the numerator implies the existence of electromagnetic repulsion interaction. While the denominator S denotes the disorder of molecules in a black hole system. The larger the entropy S, the stronger the disorder of the system. That is to say, the more violent the irregular thermal motion of molecules is. In the next analysis, we consider the case of fixed thermal-charge Q. Then the temperature Eq. (3) and the thermodynamic scalar curvature Eq. (9) for the Reissner-Nordström black hole can also be expressed as rescaled temperature T r and rescaled thermodynamic scalar curvature R r
(11) Hence we obtain the three different situations:
• When σ = 1, the temperature T r reaches its maximum T r = T max = 2/(3 √ 3) and the thermodynamic scalar curvature R r = 1/2.
• When 0 < σ < 1, we have T r : 0 → T max and R r : 0 → 1/2.
• When 1 < σ ≤ 3, we have T r : T max → 0 and R r : 1/2 → +∞. Especially at σ = 3, we have T r = 0 and R r = +∞. This situation corresponds to extreme black hole.
Here, along the direction of increasing thermal-charge density σ, we show the curve of temperature T r and curvature R r in FIG. 1. We can clearly see that there exists an inflection point in the T r − R r plot, i.e., the maximum point. At the same time, we can observe the existence of three different phases.
Case 1: free phase-With the increasing of thermalcharge density σ from 0 to 1, according to Eq. (10), we can clearly see that the irregular thermal motion of molecules plays a major role. We call this situation the free phase. On the other hand, the thermodynamic scalar curvature increases with the increasing of thermal-charge density, which indicates that the repulsive interaction between black hole molecules is increasing. The repulsive interaction between a large number of molecules leads to the existence of interactive phase which will suppress the free phase. So there will be a competitive relationship between the two phases. But at the interval σ ∈ (0, 1), the free phase dominates the whole black hole system, and then the temperature of black hole is increasing.
Case 2: balanced phase-At σ = 1, the competition between the free phase and interactive phase is balanced, which makes the temperature of black hole reach maximum. This is also the microscopic mechanism of the existence of the maximum temperature of the Reissner-Nordström black hole.
Case 3: interactive phase-With the increasing of thermal-charge density σ from 1 to 3, the thermodynamic scalar curvature rapidly increases, which implies that the repulsive interaction between black hole molecules is increasing rapidly. At this time, the interactive phase dominates the whole black hole system, which leads to a decrease in the temperature of black hole.
When σ = 3, we have T r = 0 and R r = +∞. This is the extreme Reissner-Nordström black hole, i.e. M = q. This moment a strong repulsive interaction dominates between black hole molecules. The whole black hole system is completely in the interactive phase and the temperature equals to zero. Now we consider the nearextreme circumstances, i.e. σ → 3, we have the following relation with the help of Eq. (11),
Hence we obtain lim Tr→0 T r R r = 1, or lim
That is to say, when the Bogomol'nyi boundary is saturated, although the temperature T tends to zero and the thermodynamic scalar curvature R tends to infinite, the combination T R of the two is a finite value. When the thermal-charge density exceeds 3, this situation corresponds to the case M < q for the Reissner-Nordström black hole. In the light of Eq. (1), it is clear that the event horizon of black hole is not exist, and the Reissner-Nordström black hole becomes a naked singularity. From our current point of view, at that moment of σ > 3, according to Eq. (9) or Eq. (11), we can clearly see that the thermodynamic scalar curvature tends to be negative infinite, which implies that a strong attrac-tion interaction dominates between black hole molecules. This causes the whole system to collapse into one point, that is, the naked singularity. In this way, we provide the thermodynamic micro-mechanism for the formation of the naked singularity.
III. SUMMARY AND DISCUSSION
By choosing the appropriate extensive variables, we show that the Reissner-Nordström black hole has repulsive interaction. More importantly, with the help of a new quantity, i.e., thermal-charge density, we describe the fine micro-thermal structures of the black hole in detail. The Reissner-Nordström black hole actually has three different phases, the free phase, balanced phase, and interactive phase. We also observe that the competition between the free phase and the interactive phase exists for the Reissner-Nordström black hole. In the balanced phase, the temperature reaches its maximum value. For extreme Reissner-Nordström black hole, the whole system is completely in the interactive phase and the temperature equals to zero. Furthermore, when the Bogomol'nyi boundary is saturated, i.e., M = q, we get an interesting constant, see Eq. (13) . Meanwhile, we provide the thermodynamic micro-mechanism for the formation of the naked singularity for the Reissner-Nordström black hole. It is because of the strong attraction interaction when M < q that leads to the whole system becomes a naked singularity.
When σ = 0, i.e. Q = 0, the situation degenerates to that of the Schwarzschild black hole. For this black hole, its first law of thermodynamics is dU Schwarzschild = T Schwarzschild dS Schwarzschild and the phase space of extensive variables has only one quantity S Schwarzschild . This renders the metric of thermodynamic geometry singular, and consequently micro information of the associated black hole is not revealed from the thermodynamic geometry. From this point of view, it is quite possible that the phase space of extensive variables of the Schwarzschild black hole is incomplete, and we have to analyze some of its micro-behavior with the help of the results of other black holes, like the Reissner-Nordström black hole we are currently concerned about. According to Eqs. (3) and (9), at Q = 0, we can obtain the expression of the thermodynamic scalar curvature with respect to the temperature for Schwarzschild black hole
From above formula, we see that the thermodynamic scalar curvature is positive, i.e. R Schwarzschild > 0 and the repulsive interaction dominates between black hole molecules for the Schwarzschild black hole. Since the black hole is not charged, there will be no electromagnetic interaction, so we can speculate that the repulsion interaction of the black hole is likely to be short-range repulsion between molecules. Some details need to be further analyzed and discussed.
Furthermore, we hope that our current analysis can be extended to other types of black holes, especially those with AdS background, where we can predict that the AdS backgrounds will put the black hole in a new phase. As has been reported in literatures [9, 16, 23] , the Schwarzschild AdS black hole has attractive interactions, while the charged AdS black hole has both repulsion and attraction interactions. These issues also need to be further explored in the future.
